Experimental and flight data for hypersonic air-breathing vehicles are both difficult and extremely expensive to obtain, motivating the use of computational tools to enhance our understanding of the complex physics involved. One of the major difficulties in simulating this regime is the interaction between combustion and turbulence, both of which are intrinsically complex processes. This work represents a first attempt at addressing assumptions introduced by physical models representing the turbulent reacting flow on the resulting predictions of the scramjet performance. A combustion model for high-speed flows is introduced and tested for the HyShot II vehicle. A reduced order chemistry model is then derived to investigate the effect of certain chemistry modeling assumptions within the combustion model. These models are used to investigate the unstart of the engine due to thermal choking by increasing the fuel flow rate. It is shown that an abrupt change occurs where a normal shock forms and moves upstream accompanied by a large region of subsonic flow. Additionally scalar metrics are described which are used as early indicators of unstart, to formulate safe operating limits for the scramjet engine.
I. Motivation and objective
The advent of modern computational tools is improving the development of hypersonic vehicles which operate in a regime where physical prototypes and experiments are both difficult and expensive. One of the major concerns associated with any powered flight is the accurate characterization of safety and operability limits associated to a specific propulsion system design, even more serious in the case of hypersonic flight where there is limited experience. There have been several global research efforts investigating scramjet propulsion due to its theoretical performance advantages over rockets, in this work numerical simulations are performed to gain additional insight into the physics at work.
The critical aspect in scramjet propulsion is that combustion takes place at supersonic speeds. Therefore, the flow has a very short residence time, i.e., on the order of 1ms, during which air and fuel must mix on a molecular level, and chemical reactions have to be completed before leaving the engine. Moreover, supersonic flows are usually accompanied by a system of shocks that interact with both the turbulence and the flame. The kinetic energy of the free stream of air entering the propulsion engine is of the same order of magnitude as the combustion heat release. This results in a small net thrust compared to the aerodynamic drag, and minimizing this drag becomes critical. On the other hand, an excessive heat release can lead to the unstart phenomenon, i.e., the choking of the engine, that causes a sudden drop in thrust and large mechanical loads on the internal engine structure. Performance optimization thus requires maximizing thrust without crossing the unstart bound. Since heat release is at the heart of a scramjet operation and the main contributor to unstart, the implementation of an accurate combustion model for supersonic combustion is critical. This is a continuation of several numerical investigations of the HyShot II scramjet. The first work by Pečnik et al. focused on non-reacting cases, 1 combustion and heat release were considered by Terrapon et al.
2 using a Flamelet Progress/Variable approach (FPVA). Even with an accurate combustion model, there are many uncertainties associated to model based simulations which can have a large impact on the results. These uncertainties arise from multiple sources and are typically separated into two categories, defined by the mechanisms which introduce them. Aleatory uncertainties refer to variability in the system due to irreducible sources, while epistemic uncertainties are due to a fundamental lack of knowledge. 3 In practice aleatory uncertainty often manifests as variability in input parameters (i.e. velocity or temperature) while epistemic uncertainty can refer to discrepancies introduced by assumptions made in the underlying physical models used for the simulation. These models (i.e. turbulence or combustion models) are a partial representation of reality, they do not completely represent the true physics to their full complexity. 4 A concept used to address such model uncertainty for decision analysis is the Quantification of Margins and Uncertainties 5, 6 (QMU). In this work the results of Pečnik and Terrapon are extended as an initial attempt to address combustion model uncertainty within the QMU framework, with the goal of communicating confidence in the safe operating region of the scramjet engine (avoid unstart) for a range of fuel flow rates.
The HyShot II model scramjet has been the subject of many studies. Experimentally, both flight 7, 8 and ground 9, 10 measurements have provided useful data on the operation of high-speed air-breathing vehicles. However, many critical aspects of the combustion processes are not directly accessible to experimental measurements. Computation is therefore a useful and necessary complement for physical understanding, design and failure analysis. This explains the large number of computational studies on the HyShot II system, ranging from quasi-one-dimensional models 11 to, more recently, large eddy simulation (LES).
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A comparison between flight data and CFD calculations was performed by Boyd et al., 14 but showed a consistently lower pressure level than the experimental measurements. Steelant et al. 15 and Karl et al. 16 performed Reynolds-averaged Navier Stokes (RANS) simulations of the HyShot II configuration and compared these with both flight and ground experiments. This work was then extended 17 and a systematic study of inflow conditions and turbulence models was performed. The combustion model used in these studies relied on finite-rate chemistry and the explicit transport of the involved species. The turbulencechemistry interaction was modeled using a multivariate assumed probability distribution function (PDF).
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A similar approach, but with a different code, was used by Kindler et al., 19 who demonstrated that the use of a closure model for the species source term and an accurate mechanism are critical to accurately reproduce the physics. Nevertheless, some authors found good agreement with experiments while neglecting appropriate closure. Kodera et al., 20 for instance, investigated different injection strategies in a modified version of the HyShot combustor. Other approaches to deal with this closure problem have been followed for supersonic combustion, like the Eddy Dissipation Concept model, 21 or with closure based on transported PDF. 22 Due to the strong non-linearity of the source term and the wide range of time scales associated with the chemistry, those equations are very stiff and difficult to solve. Moreover, due to very short residence times in such high-speed flows, flame stabilization mechanisms are governed by auto-ignition. It is critical to model accurately such ignition and extinction phenomena in order to predict the stability of scramjet combustion. Therefore, prediction of flame stabilization requires a detailed description of the chemical kinetics. While a model transporting all involved species can easily be extended to more detailed chemical mechanisms, it quickly becomes computationally intractable, especially when complex fuels are considered. Since combustion in a scramjet is mostly mixing controlled, it is also critical to accurately predict turbulent mixing. Very recently some authors have relied on LES and showed that capturing turbulent eddies improves mixing and, thus, combustion predictions.
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All the aforementioned studies have relied on transporting all involved species and some closure models for the turbulence-chemistry interaction. An alternative approach is based on the flamelet concept, 23, 24 which assumes that the chemical time scales are shorter than the turbulent time scales of the energycontaining eddies so that the flame can be approximated as one-dimensional. The flamelet approach allows the computation of the chemistry to be performed independently of the combustor simulation and stored in tabulated form as a function of a limited number of scalars. During the actual scramjet simulation, the quantities of interest are read and interpolated, thus dramatically decreasing the computational cost and allowing the use of complex chemical mechanisms. However, typical implementations of the flamelet model are based on a low Mach number assumption, explaining the still very limited number of studies of high-speed flows using this approach.
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The QMU framework and several associated tools are described in the following section. A combustion model based on tabulated chemistry is them presented and used to perform a RANS of the heat release in the HyShot II combustor. First, a constant equivalence ratio φ = 0.3 is used compared with the experimental measurements performed in the High Enthalpy Shock Tunnel (HEG) of the German Aerospace Center (DLR). 9 A QMU error analysis tool (reduced order chemistry model) is compared against these results.
Next, the fuel flow rate is increased and the evolution of the flow topology towards unstart is investigated. Finally, the combustion model predictions are used to develop metrics which signal the inception of the unstart phenomenon.
II. Quantification of Margins and Uncertainties
Quantification of Margin and Uncertainties is a methodology created to facilitate analysis and communication of confidence for certification of complex systems. 5 In QMU the confidence is defined in a deceptively simple way:
where M is the a measure of the margin and U a measure of the uncertainty. CR is the confidence ratio which has to be evaluated for the full system in the operating region of the engine. In essence, there exists some performance threshold which should not be crossed in safe operation, and the margin represents the desired distance between the operation of the vehicle and the threshold. 27 In this work the threshold is the onset of unstart within the combustor of the scramjet. A first step in developing the QMU framework is to define one or more metrics to characterize successful operation of the scramjet engine relative to this threshold. It is important that the chosen metrics be sensitive to all the important aspects of the prediction tools (and the experiments) used in the evaluation. Later in this work, after analysis of the simulation results, several such metrics are introduced then and evaluated in Sec. IV.C.
This work is focused on the influence of epistemic uncertainty, specifically combustion modeling assumptions, on the results. In the following section a high-fidelity combustion model based on the Flamelet/Progress Variable approach is introduced. To investigate the effects modeling assumptions have on the simulation a reduced order chemistry model is introduced, called the Mix and Burn model. For several reasons, motivated below in Sec. III.B, this model should act as a conservative prediction relative to the FPVA simulations, and can be used as an "early warning sign" within the QMU framework.
III. Combustion Model
A. Flamelet/Progress Variable model
Governing equations
The conserved Favre-averaged variables Q = {ρ,ρ u i ,ρ E,ρ Z,ρ Z ′′2 ,ρ C} T are solved in conservative form, whereρ is the density, u i the components of the velocity vector, E the total energy, including the chemical energy, Z the mixture fraction, Z ′′2 the variance of the mixture fraction and C a progress variable. The transport equations are
where µ and µ t are the laminar and turbulent viscosity, k the turbulent kinetic energy, λ the thermal diffusivity, c p the specific heat capacity at constant pressure, P r t a turbulent Prandtl number, h the sensible and chemical enthalpy, Y k the species mass fractions, σ k the turbulent kinetic energy Schmidt number, τ ij and τ R ij the viscous and Reynolds stresses as defined on the right-hand side of Eq. (3), D the diffusion coefficient for the scalars, Sc t a turbulent Schmidt number, χ the scalar dissipation rate andω C the source term for the progress variable. The laminar properties µ, λ, c p are computed using mixing rules, 28 thus accounting for changes in composition and temperature. The turbulent viscosity µ t and the kinetic energy k are computed with an adequate turbulence model.
Notice that the summation on the right-hand side of Eq. (4) vanishes under the unity Lewis number assumption Le k = 1, so that the species mass fractions do not need to be explicitly computed. Although the unity Lewis number assumption is not valid in the case of hydrogen, it is assumed that turbulent diffusion is much higher than the laminar diffusion, so this term can be neglected.
In order to close this system, the pressure and the temperature need to be determined. This is achieved, as explained below, by using an equation of state and the definition of the energy and enthalpy.
Flamelet-based combustion model
The combustion model used here is based on a Flamelet/Progress Variable approach (FPVA), 29, 30 in which the chemistry is pre-computed and tabulated as a series of laminar flamelet solutions for a given set of boundary conditions and background pressure. In the low Mach number flamelet implementation, the temperature and the species mass fraction are assumed to depend only on a transported scalar, traditionally the mixture fraction, and its dissipation rate. Chemical tables are then constructed assuming constant background pressure. However, the low Mach number assumptions no longer hold at supersonic speed where compressibility effects and viscous heating play an important role. Therefore, the temperature is here computed from the transported total energy E and the species mass fractions Y k . Further, the model is extended for the auto-ignition regime with arguments similar to those in the model developed by Cook 31 for ignition in HCCI engines. Assumed probability density functions (PDFs) are introduced to account for the turbulence/chemistry interaction. A β-PDF is assumed for the mixture fraction Z and a δ-PDF for the progress variable C. Therefore, the flamelet library is parametrized by the mean mixture fraction Z, the variance of the mixture fraction Z ′′2 , and the mean progress variable C.
The total energy E of the N species mixture is defined as the sum of the internal energy including chemical energy e, the kinetic energy 1/2 u 2 j and the turbulent kinetic energy k. The internal energy is
where R = R u k Y k /W k is the gas constant, R u the universal gas constant, W k the molecular weight of species k and T the temperature. The specific enthalpy of species k is computed as
using its specific heat capacity c p,k and heat of formation ∆h
Due to the wide range of temperature in a high-speed flow, the dependence of the heat capacity on temperature must be considered.
Since the total energy is a non-linear function of the temperature, an iterative method like NewtonRaphson is required to compute the temperature given E. In order to eliminate this expensive iterative step, an alternate approach is proposed. For a given mixture, i.e., for fixed Z, Z ′′2 and C, Eq. (8) can be approximated as
where γ is the ratio of the specific heats. γ can be expanded about the flamelet solution using a linear expansion in temperature,
where the subscript 0 denotes the value at the flamelet solution. The values of e 0 , R 0 , γ 0 , a γ and T 0 can be computed during a preprocessing step and tabulated in the chemistry library. This approximation leads to an analytical relationship between temperature and specific energy
aγ (e e−e e0)/ e R − 1 .
In order to completely close the system of equations (Eqs. (2)- (7)), the equation of state for an ideal gas is used to compute the pressurep =ρ RT .
A similar expansion around the flamelet solution is used for µ and λ/c p , where the functional form of the expansion is based on a power law
Pressure rescaling of the progress variable source term
It can be shown that the source term for the progress variable is very sensitive to pressure. Therefore, we introduce a rescaling of the progress variable source term to account for pressure variations due to compressibility. Because the majority of the fundamental chemical reactions controlling the oxidation of hydrogen involve bimolecular reactions, the source term scales with the square of the pressure. We can thus rescale the source term in Eq. (7) as follows:ω
whereω C0 is the tabulated source term computed at a background pressure p 0 . A similar approach is being developed to account for the dependence of the source term on temperature.
Chemistry model
For this model based on tabulated chemistry the GRI-Mech v3.0 mechanism is modified with new OH thermodynamics data 32 and new H+O 2 +M rates. 33 The nine species considered are nitrogen (N 2 ), molecular and atomic oxygen and hydrogen (O 2 , O, H 2 , H), water (H 2 O), hydrogen peroxide (H 2 O 2 ), and the hydroxyl and hydroperoxyl radicals (OH, HO 2 ). The mechanism consists of 28 reactions. Nitrogen chemistry is not considered in this model. The chemistry table has been created from a series of laminar diffusion flamelet computations using the FlameMaster code. 34 The pressure was chosen to correspond to an approximate average combustor pressure of P = 1.5 bar, whereas the boundary conditions were set to T O = 1300 K for the oxidizer and T F = 300 K for the fuel. The progress variable is defined as the mass fraction of water, i.e., C = Y H2O .
B. Mix and Burn model

Irreversible and infinitely fast chemistry model
Two major simplifications are introduced here to develop a model that represents an estimate of the maximum uncertainty present in the FPVA approach. The irreversibility assumption assumes that the reaction only proceeds from left to right, while the infinitely fast (or equilibrium) hypothesis states that the chemical reaction takes place so fast that equilibrium is reached instantly. 35 Thus fuel and oxidizer cannot be at the same location because the combustion takes place instantaneously, relative to all other time scales in the flame (the Burke-Schumann flame structure).
This model is expected to provide an upper-bound to the estimate of heat release within the combustor, thus providing a conservative prediction of unstart due to thermal choking. A larger heat release is expected because combustion takes place instantaneously, ignoring ignition delay time or incomplete combustion (effects which are accounted for in the FPVA model). A single one-step chemistry reaction is modeled where the fuel ( Y 0
Species mass fraction balance equations are not required; these values are functions of Z. Since the flame separating burnt and spent gases is modeled as infinitely thin, on both sides of the flame (both sides of Z st ) species profiles are linear versus mixture fraction. Z st is the stoichiometric value defined as the Z value for which both Y F and Y O are zero.
Relative to the chemistry introduced in the FPVA model, here the number of species is reduced from nine to four and the number of reaction mechanisms has dropped from twenty-eight to one. Additionally, the number of governing equations has been reduced (explained below), making the RANS solution using the Mix and Burn model much less computationally expensive, at the cost of the model fidelity.
Governing equations
Relative to the FPVA model there is a reduction of the number of conserved Favre-averaged variables to Q = {ρ,ρ u i ,ρ E,ρ Z} T , removing the equations for Z" 2 mixture fraction variance and C progress variable. The transport equations are reduced to Eqs. (2)-(5), repeated here.
As in the Flamelet-based approach the laminar properties µ, λ, c p are computed using mixing rules and the turbulent viscosity µ t and the kinetic energy k are computed with an adequate turbulence model. In order to close this system, the temperature is determined in a similar manner to the FPVA model, using Eqs. (8) and (9), though an iterative method (Newton-Rhapson) is used to compute the temperature given the total energy E. Again the pressure is determined from the equation of state of an ideal gas (Eq. (14)). The fundamental difference between this model and the Flamelet/Progress Variable approach is the way in which the species mass fractions Y k are determined, examined below.
Chemistry model
The reaction modeled is H 2 + 
IV. Results
The same configuration and conditions described in Pečniket al. 1 are investigated here. Free stream flow conditions are obtained by averaging over 13 test runs performed in the HEG shock tunnel, 9 and are summarized in Table 1 . These experiments used a 1 : 1 model of the HyShot II vehicle and provide pressure and heat transfer measurements for fuel-off and fuel-on conditions. Additionally the ground tests allow for better defined boundary conditions than the original flight experiment. The flow solver used is the RANS solver Joe, which has been developed at the Stanford Center for Turbulence Research. The code performs parallel calculations and post-processing on a collocated unstructured mesh using a finite volume formulation and implicit time integration. More details on the numerical implementation and the meshes used can be found in. 36 The k-ω SST model is used for all simulations. Note that the scalars for the combustion models, i.e., Z, Z ′′2 and C, are solved fully coupled with the Navier-Stokes equations. The turbulent Schmidt and Prandtl numbers are, respectively, Sc t = Sc t2 = 0.5 and P r t = 0.5.
A. Nominal fuel flow rate
FPVA
As a first step, the FPVA model is compared to experimental data from DLR for the nominal fuel flow rate corresponding to an equivalence ratio of φ = 0.3. 9 This case has been computed with two different meshes. The first one corresponds to one eighth of the combustor span including half an injector, consisting of 2.6M cells. Symmetry boundary conditions are used for the sides of the domain in the span-wise direction. In the second configuration, half of the combustor and two injectors are included in the computational domain, requiring 12.6M cells. In addition, a side wall with a no-slip boundary condition is used on one side, while a symmetry condition is used for the other side. Both meshes cluster cells in the wall-normal direction to ensure that y + < 1.0. This second configuration introduces additional physics as a shock originates from the leading edge of the side wall and propagates throughout the combustion chamber. Fig. 2(a) shows the normalized pressure trace at the bottom wall of the combustor (body side) along the centerline (i.e., between two injectors). In this and the following figures the position of the injector and the beginning of the exhaust nozzle are indicated in the combustor schematics. The error bars on the experimental measurements result from variability among different runs (slightly different total conditions) and from the time fluctuations over the duration of the measurements. Note that the large variability observed is mostly due to variability in the fuel injection pressure. The results agree well with the experimental measurements, with a slightly lower computed pressure towards the end of the straight section of the combustor. The two computational domains (with and without side walls) lead to a similar pressure level, but small differences can be observed.
Larger discrepancies are seen in the wall heat flux (Fig. 2(b) ). In particular, the overall heat flux in the downstream half of the combustor is slightly over-predicted by the computation. The computed heat flux also indicates small differences between the two computational domains. These discrepancies originate from the additional shock created by the leading edge of the side walls (half combustor case), as illustrated by Fig. 3 . Contours of pressure are plotted in a plane parallel to the bottom wall at a wall-normal distance of y/d = 0.25, where d = 2mm is the injector diameter. The shock train created by the leading edge of the bottom wall interacts with the bow shock created by the injected fuel and forms a complex shock system throughout the combustion chamber. Because the boundary layer is first laminar and transitions to turbulence only shortly before the injection, a small separation region forms at the foot of the first shock reflection. Due to the symmetry boundary conditions, the first configuration shows a very symmetric shock system. However, when a side wall is considered (configuration 2), this shock system is disturbed by the side shock and loses its symmetry (see Fig. 3(b) ). This side shock impinges on the second injector, creating a local pressure rise, which in turn increases locally the combustion rate. This is illustrated in Fig. 4 by the OH mass fraction contour that shows a slightly higher OH level upstream of the second injector (Fig. 4(b) ). 
FPVA vs. Mix and Burn
While it is clear that accounting for the side walls is important in order to capture the details of the physics, the overall heat release is very similar for both configurations, as indicated by the similar pressure levels. Therefore, the following analysis comparing the two chemistry models is performed in the first configuration, i.e., one eighth of the combustor without side walls.
The pressure and heat flux values are similar up to x ≈ 125mm. Downstream of this point we see the Mix and Burn model predicts larger pressure values (Fig. 5(a) ) and that the peaks, indicating shock reflections, are slightly displaced from their FPVA counterpart. This shows that the choice of chemistry model influences the shock reflection angle, though qualitatively the profiles are similar. The heat flux profiles exhibit different behavior (Fig. 5(b) ); the Mix and Burn model exhibits a more gradual increase in heat flux along the length of the combustor, due to c v and c p dependence on temperature. The peaks induced by the shock reflections are less pronounced than in the FPVA result. At this nominal equivalence ratio the different models behave, on a macroscopic level, similarly.
B. Fuel flow rate increase
In order to investigate the unstart phenomenon induced by thermal choking the fuel flow rate is incrementally increased from φ = 0.3 to φ = 0.5. The corresponding total pressures in the plenum of the injector are summarized in Table 2 , while the total temperature is set to T 0,inj = 300 K for all cases. Due to the insensitivity of pressure to the side wall shock this analysis is performed on the one eighth combustor without side walls configuration, using both the FPVA and Mix and Burn models. Fig. 6 shows the pressure along the center line at the bottom wall of the combustor for different equivalence ratios. From φ = 0.3 to φ = 0.4 of the FPVA model (Fig. 6(a) ), the pressure level simply rises but shows a qualitatively similar profile. However, an additional increase of the fuel flow rate leads to a very different pressure profile. The maximum pressure rises dramatically and a normal shock forms. The location of this normal shock moves upstream with increasing fuel flow rate. Note that the shock train is still present behind the normal shock, demonstrating the flow behind the normal shock is not completely subsonic. This is confirmed in Fig.  7(a) , where the ratio of subsonic cross-area to the total cross-area is shown. For φ = 0.45 and φ = 0.5 approximately half of the combustor area is subsonic between the first normal shock and the beginning of the exhaust nozzle. Similar behavior is observed for the Mix and Burn results (Fig. 6(b) ), where for φ = 0.3 the pressure level rises along the length of the combustor, however the dramatic pressure rise indicating a normal shock is present for φ ≥ 0.35, and for this reason φ = 0.45 was not investigated with the Mix and Burn model.
Comparing the models the shape of the high equivalence ratio profiles downstream of the normal shock are similar, showing the presence of a shock train. In the region just before the exhaust nozzle, these profiles tend to have a flat region, indicating that the shock train has relocated further upstream, leaving a region without shocks in its wake. φ = 0.35 in Fig. 6 (b) displays a slightly different shape without a clear single normal shock, however the similarity in behavior to the other large equivalence ratio profiles is evident in the subsonic area ratio plot (Fig. 7(b) ). Table 2 . Total pressure and temperature used in the injector plenum for different equivalence ratios.
The large pressure increase in these simulations is caused by the additional heat release due to higher fuel flow rate. This is illustrated in Figs. 8 and 9 where contours of temperature and water mass fraction are shown in a plane passing through the injector. The overall temperature in the combustor is much higher at φ = 0.5 ( Fig. 8(b,d) ). The entire height behind the injector becomes subsonic, as indicated by the sonic line. As expected, the position of the normal shock correlates directly to the strong temperature increase. Fig.  9(b) indicates that in the FPVA simulation ignition takes place further upstream at φ = 0.5, the shear layer between the jet and the cross-flow also shows burning regions in the case of high fuel flow rate. For both models combustion takes place in the lower half of the combustor at φ = 0.3, while the higher jet momentum ratio at φ = 0.5 causes the flame to reach the upper wall (cowl side). For the Mix and Burn model the φ = 0.5 is high enough that the subsonic region has even moved upstream of the jet injection ( Fig. 9(d)) .
A clear and abrupt change in the flow characteristics, occurring between φ = 0.4 and φ = 0.45 in the FPVA simulations and between φ = 0.3 and φ = 0.35 in the Mix and Burn results, can be identified as the inception of unstart. The combustor is not completely choked and a part of the flow, i.e., between two injectors, is still supersonic. However, the large increase in pressure (almost twice the maximum pressure compared to the nominal case) could already reach the design margins and impose undesired stress on the structure. In order to safely operate this type of engine the derivation of scalar metrics to detect this inception of unstart phenomenon are beneficial. Several such measures are described in the following section. Fig. 7 shows that an area-averaged plot can clearly indicate whether the initial stages of unstart are occurring. Within the QMU framework, however, scalar metrics are required to indicate whether an important performance threshold has been breached. Thus a more useful tool would be a single scalar value addressing the entire volume of the flow which indicates the same information. From the data collected in this work several scalars are proposed and explored for the two chemistry models. These metrics are plotted vs. equivalence ratio in Fig. 10 , and are described in more detail below. Length of subsonic region [X(M < 1) ] The distance between where the A(M < 1) = 0.3 line is initially and finally crossed (furthest upstream and downstream) in the subsonic area ratio plots shown in Fig.  7 , i.e. the length of the combustor where the percentage of subsonic area is greater than 30%. The value of 30% is arbitrarily chosen, the implications of which are discussed later in this section. This length is reported in meters.
C. Scalar indicators of unstart
The inception of unstart occurring between φ = 0.4 and φ = 0.45 is clearly visible in the Flameletbased results (Fig. 10(a) ), where all three metrics increase significantly from a relatively flat profile after φ = 0.4. The most definitive metric is X(M < 1), where for φ < 0.4 there is no length of the combustor where A(M < 1) is larger than 0.3. In effect this measure becomes binary in nature, for started flows X(M < 1) = 0 and for flows where inception of unstart has occurred X(M < 1) > 0. Looking at the Mix and Burn results (Fig. 10(b) ) the inception of unstart occurs between φ = 0.3 and φ = 0.35, demonstrated by the non-zero X(M < 1) data point at φ = 0.35. It is important to note that X(M < 1) metric is dependent upon the cut-off value A(M < 1) = 0.3, which was chosen based on the FPVA subsonic area ratio plot in Fig. 7(a) , where 0.3 is clearly an appropriate choice. In Fig. 7(b) the value 0.3 is crossed several times by the φ = 0.35 and φ = 0.4 Mix and Burn profiles, while the φ = 0.5 normal shock is so far upstream it is beyond the region where the subsonic cross-sectional area ratio was calculated. While this indicates the value of 0.3 may be inappropriate to define X(M < 1) for the Mix and Burn results, it still qualitatively captures the inception of unstart phenomenon in Fig. 10(b) . Furthermore if evaluated in a binary sense the actual value of X(M < 1) is unimportant, only that it is greater than zero.
Based on these metrics the Mix and Burn model predicts that the inception of unstart occurs at a lower equivalence ratio, and in this sense is provides a conservative estimate of the safe φ operating region relative to the higher fidelity FPVA model. Due to the Mix and Burn models cheaper cost it can be used as a quick and conservative estimate to the ensure safe operation of the scramjet engine, while the FPVA model can be used when more accurate physics are required.
V. Conclusions and future work
The present study describes a combustion model for high-speed flows. The model is applied to the prediction of the reacting flow in the air-breathing hypersonic vehicle, the HyShot II, and results compare well with experimental measurements. A reduced order chemistry model is then introduced to estimate the uncertainty present in the computations deriving from the use of the Flamelet/Progress Variable model. The inception of the unstart phenomenon due to thermal choking is then investigated by increasing the fuel flow rate. It is shown that an abrupt change occurs where a normal shock forms and moves upstream accompanied by a large region of subsonic flow. This occurs at different φ depending on the chemistry model used. Nevertheless, the combustor is not completely choked and part of the flow is still supersonic. Finally scalar metrics are investigated which are used as indicators of the inception of unstart, which can be applied to a formal QMU analysis.
The next steps will focus on improving the FPVA combustion model. In particular, compressibility effects on the chemistry will be considered. Additionally, the inception of unstart will be better characterized by examining additional equivalence ratios between φ = 0.4 and φ = 0.45 (increase resolution everywhere). Finally, the dependence of this inception point on turbulence, geometry, combustion models and other uncertainties will be studied.
